Asymptotic Freeness of Random Permutation 
Matrices from Gaussian Matrices 

Mihail Neagu 
Abstract 

We show that an independent family of uniformly distributed random permutation matrices 
is asymptotically *-free from an independent family of square complex Gaussian matrices 
and from an independent family of complex Wishart matrices, and that in both cases the 
convergence in ^-distribution actually holds almost surely. 

An immediate consequence is that, if the rows of a GUE matrix are randomly permuted, 
then the resulting (non self-adjoint) random matrix has a ^-distribution which is asymptot- 
ically circular; similarly, a random permutation of the rows of a complex Wishart matrix 
results in a random matrix which is asymptotically ^-distributed like an R-diagonal element 
from free probability theory. 

AMS subject classification: primary 46L54; secondary 15A52. 

1 Introduction. 

The relation between free probability and random matrices springs to a good extent from 
the fact that, in several important situations, families of N x N matrices with independent 
entries turn out to be asymptotically free as ^ oo. As shown by Voiculescu in this 
happens for square matrices with independent complex Gaussian entries, for GUE matrices, 
and for random unitary matrices. It is also observed in U2] that, besides being asymptotically 
free from each other, the random matrices in question are asymptotically free from constant 
diagonal matrices. 

A variation on this theme is the case of complex Wishart matrices. These are N x N matrices 
of the form G*G, where G is a random M x N matrix with independent complex Gaussian 
entries. As shown in [2, an independent family of complex Wishart matrices is asymptotically 
free as M, N ^ oo with M/N — > c, where c is some fixed positive real number. 

Yet another phenomenon of asymptotic freeness which arises in a natural situation is the 
case oi N X N uniformly distributed random permutation matrices. It is shown in |6j that an 
independent family of such matrices is asymptotically free as A^ ^ oo. 
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In this note we investigate extensions of the last case mentioned above. In other words, 
we look for families of random matrices which can be adjoined to an independent family 
of uniformly distributed random permutation matrices, so that the resulting family is still 
asymptotically free. In contrast to the situations discussed in J2j, adjoining the constant 
diagonal matrices does not work, although in this case it can be shown that a limit joint 
distribution still exists (to see that asymptotic freeness cannot occur, it suffices to observe 
that every permutation matrix U and every diagonal matrix D satisfy the algebraic relation 
U*DUD = DU*DU). We consider the cases when we adjoin either an independent family 
of square complex Gaussian matrices, or an independent family of complex Wishart matrices, 
and we show that in both situations the resulting family is asymptotically *-free (Theorem 
II below), and that the convergence in *-distribution actually holds almost surely (Theorem 
14.31 below) . The asymptotic freeness results are proved by first finding explicit formulas for 
the expectations of the mixed moments of the random N x N matrices involved, and then 
showing that as ^ oo these formulas converge to the appropriate expressions obtained from 
Speicher's theory of non-crossing cumulants; similarly, the almost sure convergence results are 
obtained by first finding explicit formulas for the expectations of the variances of the N x N 
matrices involved, and then showing that these expressions are 0(1/A^^) as — > oo. 

As a consequence, it is easily obtained that a GUE matrix with randomly permuted rows has 
asymptotically a circular *-distribution, and that a Wishart matrix with randomly permuted 
rows is asymptotically R-diagonal. 

It is also possible to get asymptotic *-freeness and almost sure convergence results for the 
case when we adjoin an independent family of rectangular complex Gaussian matrices. This 
however is not a direct generalization of Theorems 13.11 and I4.,'-{| for a precise statement, see 
Remarks 13.51 and 14.51 

In Section 2 of the paper we set the framework and notations which are necessary for a precise 
formulation of the results, and in Sections 3 and 4 we state and prove the *-distribution and 
the almost sure convergence theorems. 



2 Preliminaries. 



2.1 Notations. (1) Throughout this paper, s is a fixed positive integer and we denote by 
the free group on the s (free) generators gi, g2i ■ ■ ■ , ds- The elements of are "free words" in 
the symbols gi, g^^ , g2, g2^ , ■ ■ ■ , gs, 9^^ ■ The identity of Fs is the "empty word" and will be 
denoted by e. 

(2) If Af > 1, we denote by [N] the set 

[N]:={1,2,...,N} (2.1) 
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and by Sn the set of all permutations of [N]. For every permutation a £ Sn, we denote by 
Fix a the number of fixed points of a: 

Fix a := card{i G [Af] I cj(i) =i}. (2.2) 

If S and ai, a2, ■ ■ ■ , cTs G Sjy, we denote by w{ai, a2, ■ ■ ■ ,(Ts) the permutation obtained 
by replacing each gr by ar in the expression for it;. (If tt; = e, then ■w{ai,a2, . . . ,as) is the 
identity permutation of Sjy-) 

(3) If M,N > 1, we denote by MmxN the set of all M x matrices with complex entries. 
For an X matrix A, we denote by tr^^)^ the normalized trace of A: 

t^^''^^^=^E^^- (2-3) 

■t=i 

Given a permutation a E Sn, we denote by Mat a the N x N matrix whose (z, j)-entry is 

(Mat (2.4) 
[0 if o-(j) / 

A permutation matrix is a matrix which is of the form Mat a for some a G 5jv- We denote by 
Pat the set of all A^ x A^ permutation matrices. 

2.2 Notations. We work with a fixed probability space (O, J-', P), over which we will consider 
random variables and random M x A^ matrices (i. e., measurable functions f : ^ C and 
^ : Q ^ AfxAf)- For an integrable random variable / over (J7, P), we denote by IE(/) the 
expectation of /: 

E(/):= / /(a;)dP(^). (2.5) 

We will need the following version of a statement known as "Wick's Lemma" (see ^). 

2.3 Lemma (Wick). Let {f\)\^A be an independent family of complex standard Gaussian 
random variables over {Q,J^,P); i. e., (Re /A,Im fx)x£A is an independent family of real 
Gaussian random variables over {Vt,T^P) with mean and variance 1/2. 

(1) If m,n > 1 with m^n, and ai^a2, ■ ■ ■ ,am, Pi, P2, ■ ■ ■ , Pn £ A, then 



^{faJa,---fa^ff3j/3,---f(^^)=0. (2.6) 

(2) If n> 1 and ai, 02, ■ ■ ■ , «„, f3i, P2, ■ ■ ■ , (3n £ A, then 

E (/ai/aa " " " far.fpj(i2 ' ' ' /aJ = card{r G 5„ | a, = /3^(i) Vi G [n]}. (2.7) 
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2.4 Notations and Remarks. (1) We fix an independent family {fr;i,j)re[s] of complex 

standard Gaussian random variables over (fi, J^, P), and for every M, N > 1, we define random 
MxN matrices . . . , ci*''^) : Q ^ MmxN by 

G(^'^)H = [/,„.M],,[M]. (2.8) 
ie[Af] 

For every r G [.], we denote G^^^ := ^^^'^^ and lyf^'^^ := ^ (4"^'^))* G^^'^^. The 
random N x N matrices Wr^^'^^ are known as complex Wishart matrices. 

(2) For every N > 1, we fix uniformly distributed random N x N permutation matrices 
u['^\ U2^\ . . . , Us^'^ : Q, — > Vn', in otlier words, for every r G [s] and for every a G iSat, 



U^^A ^Mata) 



We will consider "words" in the random permutation matrices u[^^ , , • • • , f^i^^ and their 
inverses; if w G Fg, we denote by the random N x N matrix on {^,J^,P) obtained by 

replacing each gr by Ur^^ in the expression for w. (If w = e, then C/i/^'' is the N x N identity 
matrix.) 

J 1 



(3) Finally, we assume that the family [Ur ,Gr ) is independent for every > 1, and 



that the family yUr^\Wr^^'^^j is independent for every M,N > 1. For our purposes, it 

suffices to note that these requirements together with ()2.9() imply that, if g : (A^atxTv)* x 
{PnY — > C is a function such that for every ui, . . . , o"s G Sn, the random variable 



oj^g (g^^\oj), Gf\uj), Mat cJi, . . . , Mat a, 
is integrable over (0,^, P), then 

[Gf\u;), )(..), U^H, U^/Hu;)) dP(.) = 



g 

n 



j 9(G^^\^)^---^G^^\uj),Maiau...,Maias^dP{uj) (2.10) 



o-i,...,crs6:iSjv 

and that an analogous statement holds with each Gr^^ replaced by Wr^'^ 



The remaining of this section is devoted to recalling some notations and facts related to non- 
crossing permutations and asymptotic *-freeness of families of random matrices. 
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2.5 Notations and Remarks. Let m,n>l. 

(1) We will use cycle notation for permutations. If r G Sn, the notation C £ t will mean 
that C is one of the cycles in the disjoint cycle decomposition of r; a fixed point of r will be 
considered as a cycle of length 1. We denote 

#(r) :=card{C|CGr}. (2.11) 

To avoid ambiguities when writing down a cycle {ai,a2, . . . , Op) of length greater than 2, we 
will always assume that ai < min aj. 

2<i<p 

A permutation r G 5„ is said to be a pairing if every C £ t has length 2 (if n is odd, then Sn 

(2) 

contains no pairings). We denote by Sn the set of all pairings in Sn- 

(2) It is a fact (see ^) that for every r S 5^, we have that 

#(r) + #(r-V) <™+l, (2.12) 

where 7„ is the permutation 

7„ := (l,2,...,n) g5„. (2.13) 

If equality holds in (|2.12jl . the permutation r is said to be non- crossing; in this case, the 
permutation r~^7„ (which is also non-crossing) is denoted by K(r) and is called the Kreweras 
complement of r. We denote by AAC„ the set of all non-crossing permutations in 5„, and by 
MCn the set of all non-crossing pairings in Sn ■ 

(3) A permutation r G 5,i is said to be parity alternating if a and r(a) have opposite parities 
for every a G [n]. 

A permutation r G 5„ is said to be parity preserving if a and r(a) have the same parity for 
every a G [n]; in this case, we denote by Todd (respectively, Teven) the restriction of r to the 
odd (respectively, even) numbers. 

It is a fact that, if n is even and r G MCn , then r is parity alternating, and hence K(r) is 
parity preserving. (This follows easily from the more usual way of introducing non-crossing 
permutations, namely via the concept of non-crossing partitions - see, for instance, 1 .) 

(4) A permutation r G Sm+n is said to be (m, n)-connected if there exist i and j with 1 < i < m 
and m + l<j<m + n such that r(z) = j or r(j) = i. We denote by the set of all 
(m, n)-connected permutations in S'ffiJ^^n- It is a fact (see jH]) that for every t G Sni^ni have 
that 

#(r) + #(r-i7„,„) <m + n, (2.14) 

where 7m, n is the permutation 

7m,n := (1>2, . . . ,m)(m -M, m 2, . . . , m n) G 5m+n- (2-15) 
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We will need the following observation. 

2.6 Lemma. Let n > 1, let wi,W2, ■ ■ ■ ,Wn G Fg, and let r S Sn- For every cycle C := 
{ai,a2, ■ ■ ■ ,ap) £ T, let wc S he the concatenation of the words Wax-,Wa2-, ■ ■ ■ iWaj,: 

WC ■= WaiWa2- ■ -Wap- (2.16) 

Then for every N > 1 and for every ai, a2, ■ ■ ■ , CTg G Sn , we have that 

card {J : [n] [N] \ Wa('7i,o"2, . . . ,(Ts)(Jr(a)) = J(a) Va G [n]} = 

= JJ Fixwc{cri,a2, . . . ,crs). (2.17) 
C e T 

Proof. Simply note that, if J : [n] ^ [N] is a function such that Wa{cri,a2, ■ ■ ■ ,cJs)(Jr(a)) = 
J(a) Va G [n], and if C := (ai, 02, ... , a^) G r, then the values J{a2), ■ ■ ■ , J{ap) are completely 
determined by J(ai), and J(ai) is a fixed point of the permutation wc{cri, a2, ■ ■ ■ cts). ■ 

2.7 Definitions and Remarks. Here we review some free probability concepts (see jT5] ) 
which are needed in the sequel. We fix a tracial non-commutative *-probability space {A,(p); 
i. e., ^ is a unital *-algebra and ip : A ^ C is a unital tracial positive linear functional. 
Elements of A are called non-commutative random variables (or simply, random variables). 

(1) A family {Aj)ji^j of unital subalgebras of A is said to be free if ip{AiA2 • • • An) = 
whenever ip{Ai) = for every i G [n] and Ai G Aj-, where ji, j2, ■ ■ ■ 1 jn G J are such that 
ji / j2 / ••• / jn- 

More generally, a family {Sj)j,^j of subsets of A is said to be free (respectively, *-free) if the 
family {Aj)ji^j is free, where each Aj is the unital subalgebra (respectively, *-subalgebra) of 
A generated by Sj. 

(2) Each permutation r G AAC^ gives rise to a multilinear function : A" — > C as follows: if 
r consists of r disjoint cycles of the form Ci = {ai^i,ai^2, ■ ■ ■ , o,i,ni) (!<«<'''), then 



ip. 



-{A,,A2,..., A„) := n </'(Am^-.2 • • • Aa,,J- (2-18) 



i=l 



For instance, if r = (136) (2) (45) G A^Ce, then 

lfr{Al,A2,A3,A4,A5,AG) = lf{AiA3A6)ip{A2)^{A4A5). 

The non-crossing cumulants of the space {A, (/?) are the multilinear functions kn : A" — > 
C (re > 1) defined recursively by the formulas 

ip{AiA2---An)= kr{Ai,A2,...,An), (2.19) 

reAfCn 
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where, if r G MCn consists of r cycles of the form Cj = (aj^i, 04^2, • • • j Oi.nJ then 

■r 

A2, . . . , An) := n kn. , Aa,2 , • • • , ^a,„J. (2.20) 

i=l 

(3) A random variable U ^ A\s said to be a i^aar unitary if i7*f/ = C/J7* = / and ^{U"^) = 
for every n S Z \ {0}. 

A random variable G ^ A \s said to be standard circular if the only non-zero cumulants 
involving G and G* are k2{G,G*) = k2{G*,G) = 1. 

If c is a positive real number, a random variable G A is said to be free Poisson of parameter 
c if W* = W and kn{W, W, . . . ,W) = c ior every n > 1. 

There are deep connections between the non-crossing cumulants and the concept of freeness, 
which underlie the combinatorial description of free probability theory (see HO]). For our 
purposes, it suffices to record the following two facts, which can be found, for instance, in |S]. 

(4) If {Aj)ji^j is a *-free family of random variables in {A, (p), if ei, £2, • • • , S {1, *}, and if 
ji, j2) ■ ■ ■ ,jn & J are such that cardjjj | « G [n]} > 2, then 

kniAf^,Af^,...,A'-) = 0. (2.21) 

(5) If {Ai,A2, . . . , An} and {Bi, B2, ■ ■ ■ , Bn} are subsets of A which are *-free from each other, 
then 

ip{AiB,A2B2---AnBn)= kriAi,A2,...,An)^K(r)iBl,B2,...,Bn), (2.22) 

where for each r G MCn, K(r) is the Kreweras complement of r. 

2.8 Notations and Remarks. We fix a positive real number c and a family ([/,., Gr, Wr)^=i 
of random variables in [A, (f) such that each Ur is a Haar unitary, each Gr is standard circular, 
each Wr is free Poisson of parameter c, and the families (Uj-, Gr)f.^i and {Ur, VFr)r=i are *-free. 

We will consider "words" in the random variables Ui,U2, ■ ■ ■ ,Us and their inverses; if G F<j, 
we denote by 17^ the random variable obtained by replacing each gr by Ur in the expression 
for w. (If w = e, then U^ is the identity of the algebra A.) It is immediate from the definition 
of freeness that for every w £ Fg, we have that 

\ 1 if w = e , , 

y^{U^) = {^ ^ (2.23) 

10 it w e. 

Also, for every n > 1, for every ri,r2,...,r„ G [s], for every ei,e2, ■ ■ ■ ,£n G {!)*}) and for 
every wi,W2,---,Wn G Fg , we have that 



(G^^U G^^U ■■■G^^U "I - card /r G AAr(2) ^-=^r(a) and Vae[n], and 1 . . 

l^(-T^^t7t„lOr^2t7^2 - Cara <j^r G yVL„ i«,^«;,2...«;,p=e V{ai,a2,...,ap)eK{T)/ l^-^^i 
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and 

V{Wr,U^,Wr,U^,---Wr„U^J= ^ C*^. (2.25) 

T^AfCn such that 
^a=r^(a) Vae[n] and 
Wa-i^Wa2---Wap=e V{ai ,a2 , . • • .dp )6K{r ) 

Equations H2.24() and H2.25() are obtained by using (|2.22|) , together with (|2.23l) and the expUcit 
description for the cumulants of Gi, G^, G2, G2, . . . , G^, G* (respectively, Wi, W2, . . . , Wg). 

2.9 Definitions and Remarks. If a is a monomial in the random variables Ur,Gr, Wr and 
their adjoints, then for every M, > 1 we denote by a^*^'^-* the N x N random matrix over 
{Q,T,P) obtained by replacing each Ur by Ur^\ each Gr by Gi^\ and each Wr by Wr'^'^^ 
in the expression for a, where Ur^\Gi^\ and Wr'^'^'^^ are as in Notations 12.41 if a doesn't 
involve any Wr, we simply write a^^^ instead of a^^^'^\ 

Let be a subfamily of of (C/^, G^, and for every M,N > 1, let J^(^^^^) be the 

corresponding subfamily of (Ur^\ Gr^\ wi^'^'*^ 

We say that the subfamilies J^(^^'^^ converge in *- distribution to J- as M,N 00 with 
M/N ^ c, written if 

lim E ftr^^'^a^*^"^')) = ^{a) (2.26) 



for every monomial a in the elements of J- and their adjoints and for every pair (Mg)^^ and 
{Nq)'^i of increasing sequences with lim ^ = c. 

If ^(^^'^) * '^"^^''^ j: ^]^g subfamily J'^ is *-free, we say that the families J^i^^^) are asymp- 
totically *-free (as M, N —>■ 00 with M/N —>■ c). 

We say that the subfamilies ^(^^'^) converge in *- distribution almost surely to T as M, N ^ 00 
with M/N c, written J^i^'^'^) * '^''^') if they satisfy the stronger condition that 

lim tr^^'^a^*^"'^") = (/?(«) almost surely (2.27) 

g— >oo 

for every monomial a in the elements of and their adjoints and for every pair (Mg)^^ and 
(Nq)'^, of increasing sequences with lim ^ = c. 

^ g^oo 1 

The following facts are known: 



G(^))' *-di^tr, a.s.^ ^^^^,^^^ ^^^^ and 0) 



/ r=l 
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In the next two sections we will show that {Ur^\Gi^^'\ * '^''''> {Ur,Gr)r=i and that 



r=l 



The following lemma is crucial to our computations. 
2.10 Lemma. (1) If e ^ w £¥s, then 



^™^^P7AmI X] Fix w{ai,..., as) <oo (2.28) 



cri,...,(7seiSjv 

and ^ 

^^^^^PJW^ X] (Fix w(cri,..., cTs))^ < oo. (2.29) 

(^^J // e / wi G and e ^ W2 G Fs, t/ien 

limsup I Fixwi(cTi,...,cJs) •Fixt(;2(o-i,...,crs) < oo. (2.30) 

(71,. ..,as&ON 

Proof. The proof of (|2.28j) is embedded in the proof of Theorem 4.1 in 0. 
For the proof of (|2.29|) . note that for every > 1, we have that 

AT 

Y: (Fix w{a„ . . . , asf = ^ card {(a^, . . . , a.) G {Sr^f \ "'fer/.^^^K^Tl = 

(T1,...,(7sG5jv *.i = l 

= iV • card{(fTi, ... ,0-5) G (^at)^ | ?i;(fTi, . . . ,cr^)(l) = 1} + 
+ iV(iV - 1) . card {(ai, . . . , a.) G {Sr^Y \ '"t(;,::.:iSS=2"'} ' 
Now (j2.29|) follows by a direct application of Proposition 3.1.1 in 0. 

Finally, 1)2. 3U() follows from ()2.29|) together with a simple application of the Cauchy-Schwarz 
inequality. ■ 

As shown in [5], 1)2.28(1 immediately implies that (Ur^^^ * '^^^^^^ {Ur)^=i, since for every 
w G Fs and for every > 1, we have that 

E(tr(^)t/(^)) =^^-^ Fixw{a^,...,as). (2.31) 

We observe in Proposition 14.21 below that this conclusion can be strengthened, via the use of 

V / r=l 



9 



3 Asymptotic *-Freeness Results. 



We work within the framework of Section 2, with the notations established there. The main 
result is the following: 

3.1 Theorem. ([/W, iUr,Gr)U ^nd iUr,Wr)U- 
In particular, the families (Ur^\Gi^^^ and (j[Jr^\Wr'^'^'^^^ are asymptotically *-free. 

Towards the proof of Theorem l3.lL consider an arbitrary monomial in Ur and Gr (respectively, 
Ur and Wr). Up to a cyclic permutation of the symbols (which does not affect the value of 
the trace ip), such a monomial must have the form 

a := GIXU^.G'.IU^, ■ ■ ■ G',"U^^ (respectively, (3 := Wr,U^,Wr,U^, ■ ■ ■ Wr„U^J, (3.1) 

where n > 1, ri,r2, . . . ,r„ e [s], ei,e2, . . . ,e„ G {1, *}, and wi,W2, ... ,Wn £^s- 

For every r G 5„ and for every cycle G := (ai, a2, . . . , ap) G r, let wc G be the concatenation 
of the words , li^aa , • • • , Wap ■ 

wc ■= WaiWa2- ■ -Wap. (3.2) 

In view of ()2.24|) and 1)2. 25() . Theorem 13. II is equivalent to the statement that for every pair of 
increasing sequences (M„)?^i and {N„)'^i with lim = c, we have that 

lim E (tr(^^)a(^^)) = card {r G AACf | r^JrJcS^rr'"'} (3-3) 

and 

limEftr^^^)/?^^-^^)^ y c#W. (3.4) 

TdMCn such that 
ra=rr{a) VaS [n] and 
wc=e VCeK{T) 

The proofs of (|3.3() and 1)3.4(1 rely on the following lemma, which gives explicit formulas for 
the expectations involved (before taking limits). 

3.2 Lemma. Let a and (3 he as in ()3.1() . 

(1) For every N > 1, we have that 

E(.r('')«(''))= E -^^^^ E ( n Fix„c(.„...,.,)], (3.5) 

T(^si^^ such that cn,...,as£SN \C€t ^-yn / 
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(2) For every M,N >1, we have that 

t£S„ such that (Ti,...,(Tsg5jv \CSt^17„ 

»'a='"T(a) Vae[n] 



(3.6) 



Proo/. (1) Using ^TH^ . we have that 



/,J:[n]-*[Af] 



J(l),/(2) 



I,J:[n]~*lN] CTi,...,(Ts65jv 



(Ti,...,(Ts£iS]v such that 
Wa{a-i,---,(Ts){I'ynia))=Jia) Vae[n] 

If it is not the case that n is even and that exactly half of ei, . . . , e„ are I's (and the other half 
*'s), then part (1) of Lemma 12.31 gives that E (tr(^)a(^)) = 0, as desired (since in this case 
the sum on the right-hand side of (|3.5|) is empty). For the rest of the proof, we assume that 
n = 2k and that [n] = {ci, . . . , c^, di, . . . , d^} with = 1 and e^. = * for every i £ [k]. Then 



E (tr^aW 
1 



X] ^ (/rci;/(ci),J(ci) • • • frc^;I{ct:),J{ck)fra^;J{di),I{di) ' ' ' fri^;.J{dk)J{dk)) 



^ ' I,J:[n\^[N\a.nd 
cri,...,(Ts£iS]v such that 
Wa((Ti,...,crs) (Ijn (a))=J (a) Vae [n] 

= Nm^ E bypart(2)ofLemmaITSl 

^ ^ I,J:[n]^[N] and 
(Ti,...,(Ts£cS]v such that 
Wa{(Ti,...,as) (I^n («.))= J (a) VaS [n] 

Identifying each t £ Sk with the pairing (ci,d^(i)) (c2,(iT-(2)) " " " {ck,dr{k)) S ^n^"*, we get that 
E ftr(^)a(^)) = y card |r € il = 

/ N^^^ ■ (N^Y ^ I and J(a)=7T(a) Va6[ra] J 

^ ■'^ /,J:[n]^[7V] and 

(Ti,...,(TsScSjv such that 
Wa{ui,...,c7s){I'yn{a))=J{a) Vae[n] 
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E 



TSiSn such that 

^a=r^(a) and 
£a^£T(o) Vae[n] 



iVfc+i^(jV!)s E card{(/,J) 

(Ti,...,crs(Et5iv 



/,J:[n]-^[Ar] with J(a)=lT{a) and 
?i)a(o-i,---,o-s)(/7n(a))=J(a) Vae[' ' 



.d1 

n]/ 



E 



Ar#(^) 



re^F' such that ai,...,<T,e5]v 

^a=r-^(a) and 
£a^£T(a) Vae[n] 



5; card {j : |„] ^ [AT] I """f" ■'■'J*[J,^»'''''=''<°'} = 



E 



Ar#(^) 



resii ' such that ' 



ra=rT-(^a) 



and 



Fix tt;c'(o"i, • • • , o"s) J by Lemma ITBl 



(2) Using (HHni), we have that 



/(1),J(1) 



a; 



J(l),/{2) 



I(n),J(n) 



J(n),/{1) 



dP(w) 



= - E 



(my 

I,J:[n]-*[N] ^ ' ai,...,a,eSN 



LO 



I y 

JSfn+l . (]\[])s 

^ I,.J:[n]^[N], 



In 



LO 



I(n),J(n) 



I(l),K{l) 



Mat Wn{cri, ... ,as 



J(l),7(2) 



J(n),/(1) 



X(1),J(1) 



i<':[n]^[M], and 
(T\,...,as(iSN such that 
i«a{o-i,.--,crs)(/7„(a))=J(a) Vae[n] 



/(n),E'(n) 



K:[n]^[M], and 
(Ti,...,(Ts£iSjv such that 
Wa{cF\ ,. . .,(T s){I^n{a))=.J {a) Vae[n] 

Using part (2) of Lemma l2.3[ we get that 



i;K{l,),J(l) ' ' ' f r,i;K{n),J{n)f ri; K(l),/(1) • • • fr„;K{n),Iin)) ■ 



E 



,7V) 



jVn+Wjvns E card{TG5, 

^ 7,J:[n]^[7V], 
i<':[n]^[M], and 
(Ti,...,crs£cSjv such that 
?i)a (0-1 ,. . .,CTs ) (/7„ (a))= J(a) Va6 [n] 



»'a=»'T{a) ,^'^(a)=^«'T(a), 1 
and J{a)=lT{a) Va£[n] J 
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E 



1 



TScSn such that cri,...,crs&Sff 
ra=rr(a) Vae[n] 



card i (I, J, K) 



I,J:[n]^[N] and X:[n]-^[M] with ' 

K(a)=KT{a),J{a)=lT{a), and 
Ji)a(cri,...,o-s)(/7„(a))=J(a) Vae[n] ^ 



The requirement that -fC(a) = KT{a) for every a G [n] is equivalent to the statement that K 
is constant on each cycle of r, so it follows that 



E (tr(^)/3(^'^) 

= E 



TdSn such that (Tl,...,(TsSiSiV 

'■a=»'T(a) Vae[n] 



^ cardjj : [n] ^ [iV] 



Wa{(Tl,...,as){jT l7„(a)) = J(. 

VaeH 



a) I 



E 



TdSn such that 
^■a=r'r(a) VaS [n] 



iVn+1 . (iV!)^ 



Fix i(;c'(cri, . . . , cXs) I by Lemma ITUl 



Proof of Theorem I.V. iL We only give the proof of (|3.4|) , since that of (|ll3j) is virtually identical. 

Let {M„)^i and {N„)^. be two increasing sequences with lim ^ = c. If r S iS^j is such that 
r~^7„ has a cycle Cq with tfc^ / e, then 



M, 



#ir) / 

E n Fixwc{au...,as)\ < 

ai,...,(Js&SMq \cycles C of t~-'^7„ 



iV,"+i • (iV,!) 



^ y iV#(--HO-i.Fix^«Co(ai,...,cT, 

iV^J Fix .Co (ex...., a. 

> by (|TT^ and 

Hence part (2) of Lemma 13. 21 gives that 

lim E ftr(^«)/3(^^-^^)'l = V lim ^^f^ V Nf^''^"^ = 

t£S„ such that ^ \ 1 ) o-i,...,(Tsg5jVq 

'^a=rT(a) Vae[n] and 
«)C=e VCeT~-'-7„ 
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y lim f *^^^ . Ar#M+#(--Sn)-(n+i) 



TSiSn such that 
ra=rr(a) VaS [n] and 
wc=e VCeT~^7,i 



c*(^) by ([2T2|) and the definition of AfCn- 



rSiAfCn such that 
^a=r'T{a) Vae[n] and 
wc=e\/CGK{T) 



j-{N) '-'^ +l'-'r ' 



3.3 Remarks. (1) A corollary of Theorem l3.1l is that the families ^C/^ , — — j are 

asymptotically *-free, which has the meaning that random permutation matrices are asymp- 
totically *-free from random self-adjoint matrices with independent Gaussian entries. ( The 



random matrices — are known as GUE matrices. 

(2) In principle, it would be possible to approach the proof of the asymptotic *-freeness of 
random permutation matrices from either Wishart or GUE matrices by attempting to use 
condition (C) appearing on page 398 of [Ij. In the same vein, towards proving the almost sure 
convergence results from the next section, one could attempt to use condition (C) appearing on 
page 415 of However, pursuing this alternative method would require some strengthening 
of the results of JU] and f7], since they do not give directly that condition (C) (or even more 
so, (C')) holds for random permutation matrices. Moreover, this approach would not yield 
the explicit formulas appearing in Lemma 13.21 (and in Lemma 14.41 in the next section) for the 
expectations of the mixed moments (and of the variances) of the N x N random matrices 
involved. 

3.4 Remarks. (1) If is an iV X A'^ GUE matrix with randomly permuted rows, then 

converges in *-distribution to a standard circular random variable as A — > oo. 

This is because can be realized as U^^^ ■ -y= , which by Theorem 13. II converges 



in *-distribution to UY, where C/ is a Haar unitary, Y is standard semicircular (see jj^ for 
the definition), and the family (U,Y) is *-free - but it is known that such a UY is standard 
circular (see |12| . or [U] where this is covered from the point of view of R-diagonal random 
variables) . 

(2) If is an A X A complex Wishart matrix with randomly permuted rows, then y(A^.^) 

converges in *-distribution to an R-diagonal (see for the definition) random variable as 
M,N ^ (X) with M/N c. 

This is because y(*^'^) can be realized as U^^^W^^'^\ which by Theorem 13.11 converges in 
♦-distribution to UW, where C/ is a Haar unitary, W is free Poisson of parameter c, and the 
family {U, W) is *-free - but it is known that such a UW is R-diagonal (see IH)). 
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3.5 Remark. We conclude this section by discussing an analogue of the first statement of 
Theorem 13.11 obtained by allowing the complex Gaussian matrices involved to be rectangular, 
of size M X N with M /N c. 



Let G 



iM,N) 
1 ' 



iM,N) ^AN) 



U{"',. . . , f/i^^ be as in Notations 2.4, let T^'"', . . . ,T, 



(M) 



random M x M permutation matrices such that the family (^Tr^^^ , Ur^^ , Gr^^'^"* 
pendent, and consider the (M + A^) x (M + A^) random matrices 



be uniform 

s 

is inde- 

r=l 



rp{M,N) ._ 



(Af) 












u, 



(N) 



1 



G 



{M,N) 





Let P and Q be projections in ^ with P + Q = I and = c, and let Ti, . . . , Ts, {7i, . . . , [/^ 
be partial isometries in A such that for every r G [s], we have that T*Tr = T^T* = P, 
U*Ur = UrU; = Q, and ^(T*^) = (^(C/") = for every n e Z\ {0}. (Here, if n < 0, and 
[/" are interpreted as {T*)~^ and (C/*)~", respectively.) 

As before, if w G F^, we denote by Tyj (respectively, U^) the element of A obtained by 
replacing each Qr by (respectively, by Ur) in the expression for w. (If w = e, then := P 
and Uw := Q.) 

Let Gi, G2, . . . ,Gs be standard circular elements of ^ such that the family ({T^, Ur}, Gr)r=i 
is *-free, and for every r £ [s], let if^. := PGrQ- 

Then 

fTj^^'^),t/(^'^),//(^'^))' {Tr,Ur,Hr)U (3-7) 



r=l 



as M, N ^ oo with M/N c; we sketch the proof below. 

Consider an arbitrary monomial a in Tr,Ur, Hr, and their adjoints, and let a^^^'^^ be the 
(M + A^) X (M + A^) random matrix obtained by replacing each Hr by Hr^'^\ each Tr by 
j,{M,N) ^ and each f/,. by C/i*^'^-' in the expression for a. It is easily seen that 93(a) = = 
^,^{M+N)^{M,N) U22less, up to a cyclic permutation of the symbols (which does not affect the 
value of the trace (/?), a has the form 

a = Hj.^Tyj-^Hr2Uu]2Hr.^Tyj^HrJJwi ' ' ■ H^^^__Tn]2^_iHr2y,Uw2ki (3-8) 

where A; > 1, ri,r2, . . . ,r2A; G [s], and wi,W2, ■■■ , W2k G Fs- 

If a is of the above form, then a very similar argument to the one given in the proof of part 
(1) of Lemma 13.21 shows that for every M, N > 1, we have that 



V « ; (M + Ar)2fe+i . (M!)^(Ar!) 



.(2) 
2k 

=r,(a) Vae[2fc] 



rScSjj. such that 
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n Fixwciai,...,as)] I J] Fi^ wcipi, ■ ■ ■ , Ps) ] ■ (3.9) 



ai,...,asGSM \Ce(r- l72fc)odd / \Ce(T"^72fe)cven 

pi,...,PsGiSjv 

Let (Mq)^]^ and (Ng)'^^ be two increasing sequences with lim ^ = c. If r G ^g^^ is such 

that T~^j2k has a cycle Cq with wc'^ 7^ e, then a virtually identical argument to the one given 
in the proof of Theorem 13.11 shows that the term associated to r in ()3.9|) vanishes in the limit 
as g ^ 00. Thus we have that 

tGiSj^' such that 
ra=r^(^a) Vae[2A:] and 
toc=e VCeT-i72fc 

(3.10) 

If r e 52^'' \J\fC'^jj, then the term associated to r in ()3.10() is zero by (|2.12() . Hence 



lim E ('tr(*^«+^')a(^-^^)') = V lim 



jy^#(K(r)odd)^#{K(r)evcn) 



q^^ (M, + iV,)#(KM) 

T^AfC^k such that 
''a=r'T(a) VaG[2fe] and 
«,C.=eVC6K(r) 

C#(K(^)°dd) 
(1 + c)#(K(^)) ■ ^^'^^^ 

T&MC^^^ such that 
T-a=r^(a) Vae[2fc] and 
u,C=eVCeK(T) 



On the other hand, by replacing each H,. by PGrQ in ()3.8|) . we get that 

ip{a) = ip{Gj._^Tw-^^Gr2Uw2Gj.^TwgGr^Uw4 ■ ■ ' Gj.^^_^T^^^_^Gr2fJJw2k)i 
and then an application of (|2.22() yields that 

(^(a) = ^(p)#{K{r)odd)^(Q)#{K{r)evon) ^ 

reA/'Cj^' such that 
^ti=r-T{a) Vae[2fc] and 
u,C=e VCeK(T) 

T£AfC2,! such that 
ra=rr{a) Vae[2fc] and 
wc=e VCeK(r) 



Now dnZZl) follows from (|XTT|l and (1X1^ . 
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4 Almost Sure Convergence Results. 



We begin this section with a general statement about almost sure convergence, whose proof 
can be found, for instance, embedded in the proof of Corollary 3.9 in 11 . 

4.1 Lemma. Let z G C, let {gq)^i he a sequence of integrable random variables on (0,,J^,P) 
such that lim = z, and suppose that 



9=1 



iE(5,)r 



< oo. 



(4.1) 



Then lim = z almost surely. 



For the rest of the section, we work within the framework of Section 2, with the notations 
established there. 

4.2 Proposition, {u^^'^y _^ iUr)U- 



Proof. In view of Lemma l4. 11 it suffices to show that for every w €¥s, we have that 



f; [e (|tr(^)c/(^)n - |e (tr(^)C/W) 



N=l 



< OO. 



(4.2) 



If w = e, then (|4.2j) is clear; if w ^ e, then 



E 



tr(^)[/if^) 



E(trWC/W 



^■-(Mr ^ (Fixu;(ai,...,a,)) 



2 11 



(Tl,...,(73£cSjv 



Af2 I (AT!)^ 



E Fix 



■W^CJl, . . . ,CTs 



cri,...,(Ts£iSjv 



= 0{l/N^) by part (1) of Lemma ITTni 
from which 1)4. 2|) follows. 

The main result of this section is the following: 



4.3 Theorem. ( G^^^ 

{Ur,Wr)U- 



-distr, a.s. 



r=l 



> {Ur,Gr)f.=^ and {Ur',W, 



AN) .rAM,N) 



*-distr, a.s. 



r=l 
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Towards the proof of Theorem 14.31 consider an arbitrary monomial a in Ur and Gr (or in Ur 
and Wr) and their adjoints. In view of Lemma l4.ll it suffices to show that, if {Mq)'^i and 



{Nq)'^i are two increasing sequences with hm ^ = c, then 



q—*oo ^'9 



E 

9=1 



E 



< oo. 



(4.3) 



In fact, we prove the shghtly more general statement that, if a and (3 are monomials in Ur 
and Gr (or in Ur and Wr) and their adjoints, and if (Mq)'^-^ and {Nq)'^-^ are two increasing 



Mo 



sequences with lim -jr 



- — c, then 

E (tr(^^)a(*-^-^^) • tr(^^)/3(^^-^'')) - E (tr(^^)a(^^-^')) • E (tr^^^) lii^M^^ = q (i/at^ 



(4.4) 

The proof of (|4.4j) relies on computing its left-hand side explicitly. Whereas Lemma 13.21 gives 
an explicit formula for the second term, the following lemma gives an explicit formula for the 
first term; we omit its proof, since it is virtually identical to that of Lemma 13.21 



4.4 Lemma. Let m^n > 1, let ri,r2, ■ ■ ■ ,rm+n £ [s], let ei,e2, ■■■ ,£m+n £ {!)*}; o,''^d let 

Wi,W2, ■ ■ ■,Wm+n G I^^- 



(1) If a = Gl\U^,G%Uu,,---GlzU.,^ and 13 = G'rZXlU^r.+.G'ZXlU^r.+2 
then for every N > 1 we have that 



E 



rG5, 



(2) 



^a=r^(a) and ea^eT(a)'^'^'^V"-+'^ 



such that au..;(Ts&SM \C£T-^-ym,n 



Yl Fix wciai,..., as) . (4.5) 



(2)Ifa = Wr,U^,Wr^U^^ ■ ■ -Wr^U^^ and P = Wr^+^U^^^^Wr^+^U^^^^ 
then for every M, N >1 we have that 



E 



T^Sm+n such that 
ra=r.,-(a) Va6[m+n] 



n Fixwc{cTi,...,as) . (4.6) 



Proof of Theorem \4.3[ We only present the proof of (|4.4|) for the case when a and /3 are 
monomials in Ur,Gr, and their adjoints, since the proof for the case when they are monomials 



18 



in Ur, Wr, and their adjoints is essentially the same. For simplicity, we will omit the subscript 
Let a and /5 be as in part (1) of Lemma 14.41 Writing X] S + 



(2) 



(2) \ <;(2) 



noticing that every r G (^^^^^ \ decomposes as the product of its restrictions ti and 

T2 to the sets {1, 2, . . . , m} and {m + 1, m + 2, . . . , m + n}, it follows from part (1) of Lemma 
14.41 and from part (1) of Lemma l3 . 21 that 

E (tr^aW • trW/3W) - E (tr^aW) • E (tr^/jW) = 

Ar#(n)+#(r2) 



E 



(2) 

m,n such that 

'■£i=^T(a) and eai=er{a) Vae[m+n] 



+ 



(2) (2) 
''"iS'Sm and r2£cS„ such that 

»'£i=r'T(a) and eai^£r{a) VaeH 

and such that 

rm+a=rm+T(a) and em+a7^e,„+T(a) Vae[n] 



/7v(n,7-2) -5Af(n,-r2) 



(4.7) 



where 



/Af(n,-r2) : = 



E 



(Tl,...,(Ts£'5]V 



Fix i(;c(cTi, . 



,Os) - Fix . . . ,0-^ 



and 



5Af(n,T-2) : = 



— y 



(ATI). 1 n Fixt^;c(^i,...,cT,) 



(AT!) 



X] I n Fix'Wm+D(cTl,...,cr, 



(2) 

(In the above, if ti G Sn and if Z) := (ai, 02, . . . , flp) G T^^^n-, we denote 

m + D := (m + oi, m + 02, . . . , m + ap).) 

To prove 1)4. 4() . it now suffices to show that each term of the two sums appearing in 1)4. 7(1 is 
0(1/Af2)_ 



19 



(2) 

If T G Sm,n, then 

o-i,...,(Tse5]v \Cer-i7m,„ J 

Ar#{^) --^ M.f -1 ^ Ar#M+#{^"'7m,n)-{m+n) 

^ ..rn. E iV*(----) = = 0(l/iV^) byj231 



If Ti S is such that wc* = e for every C S T~^jrn, then it is easily seen that fNi^i, T2) = 

(2) — 1 

ffAf ("T"!, ''"2)- Similarly, if r2 G 5„ is such that Wm+D = e for every S Tj" 7n, then /Ar(Ti, = 

5Af(n,T2). 

(2) (2) —1 

Finally, suppose that ri € 5rn and T2 £ Sn are such that there exist Cq G 7^ and 
L>0 e T2^1n with if^co / e / -Wm+Do- Then 

Ar#(n)+#(r2) ^#(ri)+#(r2) ^ -1 , -1 ^ 1 

- fj^(T, To) < - — V N*^^^ 7m)-l+#(r2 7n)-l. 

(Tl,...,f7sGt5Ar 

• Fix WCo (CJI . . . , CJs) • Fix U^m+Do (0"1 • • • , CTs) = 

jv#(^i)+#(^rS'")-("^+i)+#(^2)+#(^2~S")-("+i) 

"(Niy E Fixu'co(o-i . . . ,0-s) • Fixit;m+Do(o-i,- • • = 0(l/iV^) 

(Tl,...,(TsSiSiV 

by ((TT^ and part (2) of Lemma ITTUl and 

N#iri)+#(r2) 

• 5'Af(n,'r2) < 



J\J'm+n+2 



cri,...,(Ts6cSjv 

JV#(n)+#(^r''r™)-(™+l)+#(^2)+#(r2-Sn)-(n+l) / I 



f 1 y iV#(-'^7n)-l.Fix^ 

I (iv!)s ^ 

y (Tl,...,(Tsg5jV 



iV2 \ (Niy 



^ Fix zi;co(o-i,o-2, . . . ,cjs) 



(t\- y Fix' 

y (Ti,...,(Tse5jv 



■Wm+Do('7l,cr2, • • • ,crs) I = 0(l/iV^) 

by (|TT^ and part (1) of Lemma 



20 



4.5 Remark. The same method used to prove Theorem 14.31 can be used to prove that, with 
the notations of Remark 13 .St we have that 



r=l 



as M,N ^ oo with M/N c. 



The main step in the proof is the fohowing statement (analogous to Lemma l4.4() . whose proof 
we leave to the reader: 

Let k,l>l, let ri,r2, . . .,r2k+2i £ [s], and let wi,W2, ■ ■ ■,W2k+2i S F^. // 
and 

~ ^r2k + l'^^2k+l^r2k+2^W2k+2 ' ' ' ^r2k+2l-l'^^2k+2l-l-^r2k+2l^'W2k+2n 

then for every M, N > 1 we have that 



(M + A^)#W 



tSiS2^'^2I such that 
ra=rr(a) Vae[2fc+2Z] 

Jl Fix wc{(Ti,... , as) \ Y{ Fixwc{pi,...,Ps 

j \Ce(r-l72fc,2!)cvon 



(M + iV)2^'+2'+2 . (M!)*(iV!)^ 



o-1,...,CTs65m \Ce(T-l72fc,2i)odd 

PiviPse-Siv 



(4.9) 



^From (|4.9|) and (|3.9)) . it follows by the same method used in the proof of Theorem 14 . 31 that . if a 



and /? are as above and if (Mg)^]^ and {Nq)'^^ are two increasing sequences with lim ^ = c, 



then 



q—foo 1 



E f^/M,+N,)^iM„N,) . ^j.iM,+N,)p{M„N,)^_-^ (^^j.iM,+N,) ^(M,,N,)y-^ f^^iM.+N,) p{M„N,) 

= O (1/iV,') , 

which implies that 

CO p ^ 2\ 

E f tj:(M,+Ng)^iM„N,) \ _ j£ J^|.j.{M,+7V,)^{M„iV,)^ 



9=1 



< OO. 



Now (|4.8|1 follows by an application of Lemma l4. II 



21 



References 



p. Biane, Some properties of crossings and partitions, Discrete Math. 175(1997), 41-53. 

M. Capitaine and M. Casalis, Asymptotic freeness by generalized moments for Gaus- 
sian and Wishart matrices. Application to beta random matrices, Indiana Univ. Math. J. 
53(2004), 397-431. 

F. Hiai and D. Pctz, Asymptotic freeness almost everywhere for random matrices. Acta 
Sci. Math. (Szeged) 66(2000), 809-834. 

S. Janson, Gaussian Hilhert Spaces, Cambridge Tracts in Mathematics 129, Cambridge 
University Press, Cambridge 1997. 

J. Mingo and A. Nica, Annular noncrossing permutations and partitions, and second-order 
asymptotics for random matrices, Int. Math. Res. Not. 2004, 1413-1460. 

A. Nica, Asymptotically free families of random unitaries in symmetric groups. Pacific J. 
Math. 157(1993), 295-310. 

, On the number of cycles of given length of a free word in several random permu- 



tations, Random Structures Algorithms 5(1994), 703-730. 

A. Nica and R. Speicher, On the multiplication of free N -tuples of non- commutative 
random variables, Amer. J. Math. 118(1996), 799-837. 

A. Nica, D. Shlyakhtenko, and R. Speicher, R-diagonal elements and freeness with amal- 
gamation, Canad. J. Math. 53(2001), 355-381. 

R. Speicher, Combinatorial theory of the free product with amalgamation and operator- 
valued free probability theory, Mem. Amer. Math. Soc. 132(1998), no. 627. 

S. Thorbj0rnsen, Mixed moments of Voiculescu's Gaussian random matrices, J. Funct. 
Anal. 176(2000), 213-246. 

D. Voiculescu, Limit laws for random matrices and free products, Invent. Math. 104(1991), 
201-220. 

D. Voiculescu, K. Dykema, and A. Nica, Free Random Variables, CRM Monograph Series 
1, American Mathematical Society, Providence, RI, 1992. 

Department of Pure Mathematics 
University of Waterloo 
200 University Avenue West 
Waterloo, Ontario, Canada 
N2L 3G1 

e-mail: mgneagu@math.uwaterloo. ca 



22 



